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ABSTRACT: A brief review is given of methodological advances made during the past decade with the Monte
Carlo sampling of equilibrium properties of simple lattice models of polymer systems, and representative
applications of these new algorithms are summarized. These algorithms include Wang-Landau (WL) sampling,
the pruned-enriched Rosenbluth method (PERM), and topology violating dynamic Monte Carlo algorithms such
as combinations of local moves, slithering snake moves, and “double bridging” moves for the bond fluctuation
model. The applications mentioned concern phase-transition-like phenomena of single chains (collapse and
crystallization in bad solvents; interplay of collapse and adsorption; escape of chains from confining tubes;
microphase separation in binary bottle brushes) and nontrivial correlation effects in dense systems of many chains
(intramolecular long-range correlations in melts; fluctuation effects of micelles in homopolymer-block copolymer
blends.) While all these examples refer to work on lattice models, these algorithms are useful for off-lattice
models as well. Open problems and directions for future work are briefly addressed.

Introduction

For many decades the statistical mechanics of flexible macro-
molecules has provided challenging problems, some of which are
still not fully understood today. For instance, the standard descrip-
tion of the configuration of a very long polymer chain (consisting
of N effective subunits, which we shall call “monomers”) is a self-
avoiding random walk (swollen coil) in dilute solution under good
solvent conditions, i.e., the gyration radius scales as1–6 Rg ∝ Nν,
with7–10 ν ≈ 0.587 in d ) 3 dimensions and ν ) 3/4 in d ) 2
dimensions,10 while Rg becomes smaller when the solvent
quality is reduced (e.g., by lowering the temperature T). Thus,
at the Theta-temperature T ) Θ the chain conformations become
(almost) that of an “ideal” (i.e., Gaussian or simple random-
walk-like) chain,1–6 Rg ∝ N1/2, apart from logarithmic correc-
tions,5,11,12 while for T < Θ a collapsed state of the chain is
predicted, i.e., Rg ∝ (1 - T/Θ)-1/3N1/3.1–6,13 However, recently
it was suggested, based on evidence14–17 from Monte Carlo
simulations, that this description is not complete, since an
alternative scenario exists, where the above continuous transition

is replaced by a discontinuous one, where solvent quality
reduction causes a first-order-like transition from the (slightly)
swollen coil to a dense crystalline state of high density.

Similarly, another “cornerstone of polymer physics” has been
the so-called “Flory ideality hypothesis”,1,2,18–20 which states
that flexible polymer chains in three-dimensional dense melts
correspond to “ideal” random walks on length scales much larger
than the monomer diameter. The justification for this hypothesis,
namely that intrachain and interchain excluded volume forces
cancel each other exactly when many chains strongly overlap
each other, has been widely accepted.2,6,21,22 However, also this
result has recently been called into question.23–27 There occurs
rather a self-similar pattern of nested correlation holes along a
chain, leading to distinct deviations from Gaussian behavior.
Monte Carlo simulation evidence25–27 suggests again that these
phenomena should be observable in experiments on real
macromolecular systems, too.

Progress in both examples mentioned above could only
be achieved through the development of new algorithms,
which were used for simulations of the well-known bond
fluctuation model28–31 of polymers. Actually, these two ex-* To whom correspondence should be addressed.
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amples, which constitute important modifications of the “stan-
dard wisdom” on the statistical mechanics of macromolecules,
are just two examples out of many where only the application
of new algorithms (rather than “brute force” use of very fast
computers) allowed substantial progress with the Monte Carlo
simulation of polymers. In the present review, we shall outline
the main ideas of three selected algorithms developed during
the past decade, together with specific applications. Section II
will describe the Wang-Landau algorithm32,33 for the sampling
of the energy density of states and will mention applications to
the above example of a possible suppression of the fluidlike
globular phase of polymer coils at T < Θ and the interplay
between adsorption and collapse of polymer “mushrooms”,34

i.e., chains anchoring with one chain end at a flat substrate

surface. Section III will describe the PERM algorithm,35–39 a
recent generalization of the well-known Rosenbluth-Rosenbluth
inversely restricted sampling.40 Application examples will
include crossover scaling of very long confined chains41 and
the “escape transition” from confining stripes of finite length42

and problems relating to the structure of so-called “bottle brush”
polymers.43–45 Section IV then briefly reviews how a combina-
tion of local moves with nonlocal ones allows a speed-up of
dynamic Monte Carlo sampling by many orders of magnitude,27

allowing the study of the deviations from Flory’s ideality
hypothesis, alluded to above. Finally, section V contains an
outlook on a few further problems requiring unconventional
algorithms (such as moves where homopolymers and block
copolymers in a mixture are exchanged, in a study of micelle
formation46), and section VI discusses open problems as well
as possible directions that should be addressed in future work.

We emphasize that this paper is not intended as a review of
all the recent important work dealing with Monte Carlo
simulations of polymers: such a review would fill a whole book.
Thus, we have restricted the scope of the present paper to simple
lattice models of (synthetic) polymers, and only static equilib-
rium properties are considered. Even within this restricted scope
we have not attempted to give a complete survey of all the
literature, but rather emphasize new methods that are not yet
described in the standard textbooks on polymer simulation and
describe how the application of such new methods can help to
clarify basic problems of theoretical polymer science by
reviewing some representative examples.

The Wang-Landau Algorithm and Its Application to
Single-Chain Transitions

How To Sample the Energy Density of States. According
to the canonical ensemble of statistical mechanics, averages of
an observable A(Xb) have to be obtained as (Xb stands for a state
in the conformation space of the system).

〈A〉T ) Z-1∑
Xb

exp[-H(Xb)/kBT]A(Xb) (1)

where T is the absolute temperature, kB is Boltzmann’s constant,
H(Xb) the Hamiltonian of the system, and Z the partition function

Z)∑
Xb

exp[-H(Xb)/kBT])∑
n

g(En) exp[-En/kBT] (2)

Note that we here have assumed that the phase space {Xb} of
the model is a set of discrete states (as it is true for lattice models
of polymers), but this formalism can easily be generalized to
the continuum case, of course. Since each discrete state Xb will
yield a corresponding energy En ) H(Xb), it is clearly possible
to transform from the sum over the high-dimensional phase
space Xb to the one-dimensional space of energy states {En},
and this transformation done in eq 2 defines the energy density
of states, g(En). Monte Carlo sampling now amounts to an
approximate evaluation of 〈A〉T, by replacing the sum over all
states {Xb} by a sum over a statistical sample of M states.31,47,48

If these states Xbν are chosen completely at random, one arrives
at the “simple sampling” Monte Carlo method, leading to
averages defined as (“ss” stands for “simple sampling”)

Ass )∑
ν)1

M

A(xbν) exp[-H(Xbν)/kBT]/∑
ν)1

M

exp[-H(Xbν)/kBT] (3)

While this method (and its ramifications, such as enrichment
techniques49–51) has yielded useful results for various problems
involving single not too long self-avoiding walks,49,52 it clearly
fails for problems involving many polymer chains as well as
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for problems involving single but very long chains, however,
because it turns out to be impossible to generate enough states
in the regions of phase space where the statistical weight Fν
) exp[-H(Xbν)/kBT]/Z is sufficiently large. This problem is
rectified by the “importance sampling method” of Metropolis
et al.:47–49,53 phase space points are not sampled uniformly,
but preferentially from the “important region” of phase space.
That is, one chooses states Xbν with a probability proportional
to their weight Fν in thermal equilibrium, such that (“is” stands
for “importance sampling”)

Ais )∑
ν)1

M

A(Xbν)/M (4)

This is achieved by constructing the states Xbν according to a
Markov process Xbν f Xbν+1 f Xbν+2 f ..., where transitions Xbν
f Xbν+1 are carried out such that the transition probability
W(XbfXb′) satisfies the detailed balance principle47–49,53

W(XbfXb′) exp[-H(Xb)/kBT])W(Xb′ fXb) exp[-H(Xb′)/kBT]
(5)

Still there is an enormous freedom what the choice Xb f Xb′
means in practice: for the bond fluctuation model of poly-
mers28–31 such a move Xb f Xb′ may entail a local small
displacement of a monomer28–31 or a clever chosen combination
of local and nonlocal moves of a chain.27 In section IV, we
shall return to this thought and will show that via a good choice
of moves indeed substantial progress can be made.

However, here we rather emphasize a disadvantage of
importance sampling that becomes evident when we compare
eq 4 with eqs 2 and 3: obviously, all information on the partition
function and hence also the free energy F(T) ) -kBT ln Z of
the system has been lost. This is very unfortunate in particular
when one wishes to study phase transitions, since at the phase
transition of systems in statistical mechanics the free energies
of the phases involved in the transition become equal. In
addition, the knowledge of F is also required if one wishes to
estimate the entropy S, using the relation

S(T)) [U(T)-F(T)]/T, U(T)) 〈H〉T (6)

For many problems knowledge of the entropy is of great interest.
The advances in simulation methodology discussed in this

section and in the following section address this issue, devising
methods to estimate the partition function Z and hence also both
F(T) and S(T). While the strategy of the PERM algorithm35,36

is to modify eq 3, choosing state Xbν with weights wν, biasing
the recursive construction of states such that the weights wν
turn out to be as large as possible (“bs” stands for “biased
sampling”).

Abs )∑
ν)1

M

{A(Xbν) exp[-H(Xbν)/kBT]/wν}/Zbs (7a)

Zbs )∑
ν)1

M

{exp[-H(Xbν)/kBT]/wν} (7b)

the strategy of the WL method is to devise a recursive algorithm
to directly estimate g(E) in eq 2.

The WL method was originally suggested in refs 32 and 33
and applied to spin models on the lattice. It was quickly taken
up by other groups and extended to continuum models54 with
applications, e.g., to Lennard-Jones fluids55–58 and proteins,59–61

and improvements for the convergence of the method were
suggested.56,62–64 Relations with other flat histogram methods
like transition matrix sampling65 were realized, and the method
was generalized to the sampling of the canonical partition

function66 or flat order parameter distributions.67,68 It has
recently also been combined with the PERM algorithm.69 We
base our description here on the original formulation of the
method. One still uses importance sampling, but instead of the
standard acceptance criterion47–49,53 for a change of state from
“old” to “new”

prob(oldf new))Min{1, exp[-H(Xbold)/kBT]/

exp[-H(Xbnew)/kBT]} (8)

that satisfies eq 5 one chooses now

prob(oldf new))Min{1, g(E(Xbold))/g(E(Xbnew))} (9)

If the density of states of a model is known, this acceptance
criterion for a move generates a random walk through config-
uration space if one uses a set of model specific (ergodic) Monte
Carlo moves. When one then records the number of configura-
tions H(E) visited for given energy values E, one should obtain
a flat histogram.

Of course, g(E) is a priori unknown, but one can base on eq
9 an iterative procedure to determine the density of states. One
starts the iteration with the arbitrary choice g(E) ) 1 for all E
and sets H(E) ) 0 for all E as well. Whenever in the course of
the sampling the energy E is encountered, one replaces g(E) by
fg(E) and increments H(E) by replacing H(E) by H(E) + 1.
Typically, the first choice for this modification factor f is f ) e
≈ 2.718. When the monitored histogram of visits H(E) is
sufficiently flat (e.g., in practice one may require the number
of visits to any state to be at least 80% of the average number
of visits over all states), one changes f by taking fnew ) �fold,
and the histogram of visits is reset to zero. In the course of the
simulation, the detailed balance condition is not fulfilled because
the density of states which determines the transition rates is
always updated. Only in the late stages of the iteration, when f
f 1, the method approximately fulfills detailed balance.
Empirically, the measured density of states converges to the
exact one.

This method determines g(E) only up to an undetermined
scale factor, which implies that S(T) is only known up to a (T-
independent) additive constant. This constant can be eliminated
by requesting that S(T)0) ) 0. Neither the internal energy U(T)
nor the specific heat C(T), which then are calculated as

U(T)) 〈E〉T )∑
n

Eng(En) exp(-En/kBT)/

∑
n

g(En) exp(-En/kBT) (10)

C(T)) [〈E2〉T - 〈E〉T
2]/T (11)

are affected by this ambiguity, however.
Of course, one wishes to determine other properties of the

chains, e.g., the mean-square gyration radius 〈Rg
2〉T. This can

be done, writing

〈Rg
2〉 T )∑

Xb
Rg

2(Xb) exp[-H(Xb)/kBT]/Z(T)

) 1
Z(T)∑

n

g(En){ 1
g(En)

∑
Xb∈ En

Rg
2(Xb)} exp(-En/kBT)

) 1
Z(T)∑

n

g(En)〈Rg
2〉 En

exp(-En/kBT)

(12)

In terms of the generated histogram in the final state of the
iteration, this microcanonical average is estimated as
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〈Rg
2〉E )

1
g(E)∑

Xb∈ E

Rg
2(Xb) ≈ Rg,E

2 ) 1
H(E)∑

Xb∈ E

Rg
2(Xb) (13)

Note that the sums over Xb in the second line of eq 12 and in eq
13 only run over configurations that belong to the fixed energy
En (or E, respectively).

Applications: The Phase Diagram of a Single Polymer
Chain in the Bulk and at an Attractive Wall. As a first
application example, we discuss the bond fluctuation model
in a dilute solution of variable solvent quality.14–17 In this
model, monomers are represented as unit cubes on the simple
cubic lattice, connected by bonds that can vary in length and
direction. The shortest bond length compatible with excluded
volume between the monomers is b ) 2, and the largest allowed
bond length of the model is b ) �10 (measuring all lengths in
units of the lattice spacing). The set of allowed bond vectors is
generated by the basis vectors (2,0,0), (2,1,0), (2,1,1,), (2,2,1),
(3,0,0), and (3,1,0), applying all symmetry operations of the
simple cubic lattice. The chains are flexible, and an attractive
interaction of the square well type applies, with strength ε and
range λ (two choices, λ1 ) �6 and λ2 ) �10, will be
considered). We now choose units such that ε ) 1 and kB ) 1.
The energy eigenstates En in eqs 2, 10, and 12 then simply are
given as En ) -nbε, nb counting the number of pairs within
the range λ. The Wang-Landau algorithm allowed to study the
specific heat and the mean-square gyration radius over the full
temperature range (using a mixture of random hopping moves,
“slithering snake” moves, and “pivot moves”,31,49 for chain
lengths N in the range from N ) 32 to N ) 512.14–17

An analysis of these data showed that two (rounded)
transitions can be identified: a coil-globule transition character-
ized by a peak in the specific heat at TΘ(N) and a crystallization
transition (first observed in ref 70) at Tcrys(N). Of course, sharp
transitions are only to be expected in the limit N f ∞, and so
the extrapolation of these (pseudo-) transition temperatures to
the thermodynamic limit needs to be considered. For the
coil-globule transition, one can infer from the presumed
tricritical nature2,3,5,11,12 of the Θ point that the leading
correction should scale like N-1/2, and hence the data were fitted
to the following formula for the shift of this transition

TΘ(N))Θ- a1N
-1/2 (14)

In contrast, for the transition from the liquid globule to the
crystal, one can expect the shift to be determined by the relative
importance of the surface free energy of the finite system,
leading to

Tcrys(N)) Tcrys(∞)- b1N
-1/3 (15)

Figure 1 shows corresponding extrapolations. For the case
of the larger interaction range of the effective attraction between
the monomers, λ2 ) �10, the behavior found here is just the
expected one: The coil-globule transition occurs for Θ ) 4.01
( 0.02, while crystallization occurs for Tcrys ) 3.20 ( 0.02. At
this point we mention that the problem of understanding the
precise structure of such “solids” formed from a single very
long polymer chain is very subtle, and our model (based on an
underlying simple cubic lattice) clearly is very remote from the
actual crystallization phenomena in real polymers22,71 which
relate to the “packing” of monomers that need to be described
by a chemically realistic model in continuum space. The
structure found in our model is not a simple cubic arrangement
of our effective monomers, but rather one finds a layered
sequence ACBC, each layer being a modified hexagonal-like
packing that fits on the simple cubic lattice, where the

subsequent double layers AC and BC are turned with respect
to each other by 90°.14,15,72 We also emphasize that the
characterization of the crystalline phase of single polymer chains
may be practically rather unimportant because typically the
crystallization will be kinetically hindered, and rather a glassy
freezing of the (supercooled) globule may occur, analogous to
the glass transition of polymer melts in the bulk.22,73,74

A very interesting and rather unexpected behavior occurs for
the second choice with the shorter interaction range, λ1 ) �6,
however: Figure 1 implies that Tcrys

(∞) ) 2.18 ( 0.01 and Θ )
2.14 ( 0.04, i.e., Θ and Tcrys coincide, within statistical errors!
So, unlike the case with λ2 ) �10, where the liquid globular
state exists for an extended temperature range, 3.2 e T e 4.0
or thereabout, we do not observe a liquid globule any longer,
for N f ∞ and an interaction range λ1 ) �6. This conclusion
is corroborated by a study of the density of the liquid globule
that coexists with the crystal at T ) Tcrys(N) for finite N: while
for λ2 ) �10 this density converges to a nonzero finite value,
Fliq

coex(N) ≈ 0.66 + 0.4N-0.153 providing a good fit to the data,17

for λ1 one rather finds15–17,72 Fliq
coex(N) ∝ N-0.153, implying that

for N f ∞ a globular phase (which must have Fliq
coex > 0) no

longer exists. Note also that the quoted value of the exponent
(0.153) in these relations is purely empirical and lacks any

Figure 1. Extrapolation of the location of the coil-globule transition
(top) and the crystallization transition (bottom) located by the higher
(top) or lower (bottom) peak position found in the specific heat vs
temperature curves. Open circles refer to λ1 and squares to λ2. The
diamonds in the top part refer to intersection points of pairs of curves
〈Rg

2(T)〉/N vs T for N and 2N, respectively (since 〈Rg
2〉 ∝ N2ν for T >

Θ, 〈Rg
2〉 ∝ N2/3 for T < Θ while, roughly, 〈Rg

2〉 ∝ N for T ) Θ, such
intersection points should also converge toward Θ as N f ∞ and, in
fact, yield estimates nicely compatible with the extrapolation of the
specific heat peaks, as the figure shows). Reproduced with permission
from ref 17. Copyright 2007 American Institute of Physics.
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theoretical explanation so far. So the qualitative phase diagram
of a single flexible chain in the limit N f ∞ should look like
speculatively drawn in Figure 2, taking temperature and
interaction volume λ3 as parameters.

A very interesting question then is to ask what this implies
for the phase diagram of a polymer solution with finite chain
length N, when the volume fraction F of the monomers in the
solution is varied. The standard phase diagram, applicable for
λ > λt, is shown in Figure 3a; it has the same topology as the
phase diagram of a simple molecular system, when F is
interpreted as the density in the system, and the dilute solution
corresponds to the vapor phase. If λ < λt, however, rather the
triple line at Tcrys(N), where dilute solution (or vapor (V)),
concentrated solution (or liquid (L)), and crystal can coexist,
has disappeared, and a phase diagram having the “swan neck”
topology remains, where (in equilibrium, disregarding any glassy
states and metastable phase segregation in the polymer solution)
a more or less dilute solution and the crystal coexist.

The phase diagrams in Figure 3 actually are very much
reminiscent of phase diagrams of colloid-polymer mixtures,
where the polymers induce a short-range square-well-type
attractive depletion interaction between the colloidal par-
ticles.75–77 Denoting the radius of the colloidal particles as σ, it
is useful to define a scaled width of the square well attraction
as R ) λ/σ - 1. It was found75–77 that Rc ) 0.25 is the critical
value separating the two scenarios in Figure 3, for the colloids.
It is tempting to carry this consideration over to the present
case. If we tentatively put σ ) 2 as the hard-core diameter of
the bulky monomers (remember that this is the minimum
distance of any pair of monomers in our model), we would
estimate that λ1 corresponds to R1 ) 0.225 and λ2 to R2 ) 0.58.
It is gratifying that indeed λ2 is clearly larger than Rc, while λ1

is slightly smaller than (but very close to) Rc (Rc should
correspond to λt in Figures 2 and 3, of course).

While it was well-known that increasing chain stiffness may
also lead to a similar suppression of gas-liquid type phase
separation in polymer solutions as shown in Figure 3b,4,78–81

and this correlates with a first-order collapse transition of stiff
chains4,78–84 (involving then also local orientational order,
toroidal structures, etc.82–84), it was an unexpected finding that
the theoretical description of the collapse of flexible chains,

which does not explicitly exhibit any parameter playing the role
of λt and hence describes only the continuous behavior found
here only for λ > λt, still is incomplete. The methodic progress
in the Monte Carlo simulation, achieved by the Wang-Landau
algorithm,32,33 was absolutely crucial for allowing a conclusive
study of the problem, as shown via the data in Figure 1 and
hence to add an interesting facet to our theoretical understanding
of polymers. Note that early work trying to estimate the Θ-point
for the model with λ ) λ1 produced conflicting evidence35,85

and could not locate Tcrys(N). So the availability of efficient
algorithms has been clearly necessary for making progress.
Clearly, it would be interesting to search for experimental
systems which yield the phase diagram of type Figure 3b.

We now turn, only very briefly, to discuss how this picture
changes when instead of an unconstrained chain in free space
we consider a polymer chain endgrafted to an (attractive)
surface. Then a second energy scale εw (measuring the energy
which is won when a monomer is adjacent to the wall) in
addition to ε comes into play, and correspondingly due to the
competition between both types of enthalpies and the configu-
rational entropy of the chain, a very complicated behavior may
arise.34,86–95 The understanding of these phenomena is still in
its early stages.

If both ε ) 0 and εw ) 0, and the simple random-walk model
is considered the only interaction which matters for the structure
of the polymer “mushroom”96 is the entropic repulsion due to
the substrate surface (uncrossable for the polymer) to which
the chain is grafted. This problem is solved since long ago.97

However, the problem gets very rich when one considers chains

Figure 2. Schematic phase diagram of a single chain in the limit N f
∞ (and infinite dilution) in the plane of variables temperature T and
interaction volume λ3 of the attractive interaction (note that transition
temperatures should increase linearly with λ3 for ε ) constant at large
λ; therefore, all transition curves have been drawn as straight lines).
Phases indicated are the swollen coil (T > Θ), collapsed globule
{Tcrys(∞) e T e Θ}, and the crystal {T e Tcrys(∞)}. Below the glass
transition temperature Tg the collapsed globule may exist as a frozen
metastable state (apart from higher density, its structure is qualitatively
similar to the liquid state of the collapsed globule). At λ ) λt, the lines
Θ(λ) and Tcrys(λ) meet, and for λ < λt the collapsed globule may only
exist as a metastable state {also the swollen coil may then exist for T
< Tcrys(∞) but above the metastable continuation of Θ(λ) as a metastable
state}.

Figure 3. (a) Sketch of the phase diagram of a polymer solution with
λ > λt, which has a upper critical solution temperature Tc(N); for T <
Tc(N) phase separation occurs into a dilute solution (analogous to the
vapor (V) of a molecular system) and a concentrated solution (analogous
to the liquid (L)). The critical volume fraction Fc(N) corresponds to
the critical density of a molecular system; note, however, that Fc(N)f
0 and Tc(N) f Θ as N f ∞. Here it is also assumed that the polymer
can crystallize, and complications like glassy freezing or appearance
of semicrystalline states consisting of crystalline lamellae and amor-
phous regions in between are disregarded. (b) Same as (a) for λ < λt

and sufficiently large chain length N. Now the upper critical solution
temperature Tc(N) exists, if at all, only in the metastable undercooled
polymer solution underneath the solution-crystal coexistence curve,
and is shown by a broken curve. Here Θ is the infinite chain length
limit of the metastable critical point.
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with excluded volume interactions rather than ideal Gaussian
chains.52,98 The partition function of the mushroom then involves
a nontrivial exponent γ1, ZN ∝ Nγ1-1qN, N f ∞, while q is the
same (nonuniversal) constant which appears also for the partition
function in the bulk.2,8,98,99 The detailed geometrical structure
of mushrooms still is a subject of detailed studies.100 When now
still ε ) 0 but εw > 0, the possibility of an adsorption transition
arises (see e.g. refs 34, 52, 92, 98, 101, and 102). Strongly
adsorbed chains take quasi-two-dimensional so-called “pan-
cake”96 conformations, while the weakly adsorbed chains near
the adsorption threshold εw,crit involve several “critical expo-
nents”52,98 to describe their partition function which are still
debated (see e.g. refs 92 and 102).

Introducing now ε * 0 the adsorption of the chain competes
with its collapse and/or crystallization, and the resulting
structures clearly may get strongly changed due to the presence
of a constraining surface.34 So far, a single study of the bond
fluctuation model with λ1 ) �6 has been made, all other work
concerns the standard self-avoiding walk model99 with nearest-
neighbor attraction;86–91,93–95 it is clear that this choice corre-
sponds to a different value of the parameter λ (or Rc,
respectively), and since also the possible crystal structures
depend on the details of the models, it is hard to judge which
aspects of the results for the strongly adsorbed and/or strongly
collapsed states are universal. So far, it is clear that one expects
“adsorbed-extended (AE)” states when εw is large while ε is
small, “desorbed extended (DE)” states when both εw and ε are
small (i.e., ordinary “mushrooms”), while the case of large ε
and εw ) 0 corresponds to collapsed globules or crystals,
respectively, which touch the wall only marginally and hence
are “called” desorbed collapsed” (DC). States where both εw

and ε are large may lead to compact two-dimensional coils
(“adsorbed compact (AC)”). However, a state resembling a
droplet sitting at an incompletely wet surface, where a nonzero
contact angle occurs, also has been suggested;89–92 the parameter
region where this “surface attached globule” (SAG) may occur
(or related layered crystalline states34,93) still is a subject of
current discussion.94 For such a problem, the Wang-Landau32,33

sampling needs to be extended to a two-variable density of states
g(Ew, Eb), where Ew ) -nwεw and Eb ) -nbε, as above; nw

counts in each configuration the number of monomers which
are within the range λw of the attraction exerted by the wall. It
is clear that an accurate sampling of such a two-dimensional
density of states is a much more demanding task, but in view
of the many phases and many transitions between them a
straightforward study by standard Monte Carlo algo-
rithms8,31,47–49 hardly would be possible.

Figure 4 shows a preliminary diagram of the states that were
found for N ) 64 for the bond fluctuation model.34 So far, a
conclusive extrapolation toward N f ∞ could be done only in
parts of the phase diagram, while large uncertainties about the
phase diagram still occur in the region where several of the
(rounded) transitions meet; often it then is still impossible to
distinguish well-defined peaks in the specific heat, and this is
the reason why some of the curves drawn in Figure 4 end
somewhere rather than meeting another line: in this way we
simply display our incomplete knowledge how such a line will
continue.34 At this point the methodology explained in this
section clearly reaches its present limitations.

The Pruned-Enriched Rosenbluth Method (PERM) and
Its Application To Study Very Long Chains

As explained in the previous section, WL sampling amounts
to a diffusive exploration of the space of energy states (from

the ground-state energy Emin to the maximum energy Emax that
needs to be considered). Since Emax - Emin ∝ N, this method
clearly becomes impractical when N is very large. An additional
difficulty occurs when no energy scale exists in the problem,
such as the problem of the “escape transition” of a mushroom
confined underneath a disk.103–112 This transition is purely
entropically driven, and if one wishes to characterize it
accurately by simulations, very long chains are needed. The
latter statement also applies to the study of dimensional
crossover problems, such as the 3d - 2d crossover of a chain
confined between two parallel plates.113,114

This class of problems can now be handled by the PERM
algorithm, where the use of chains containing of the order of N
) 50 000 or even more is current standard.35,36,41,42,114 The
algorithm has also been combined with the WL approach to
the so-called flatPERM69 and applied, e.g., to phase transitions
of tethered chains.94,115,116

Again we refrain from giving technical details, just emphasiz-
ing only the spirit of the approach. The basic idea is the biased
chain growth algorithm of Rosenbluth and Rosenbluth.40 There
one constructs a self-avoiding walk configuration of a chain,
adding one monomer after the other, but choosing randomly
only from those lattice sites for the monomer to be added for
which the excluded volume constraint is satisfied, and calculates
the weight wν (eq 7) of each configuration recursively. In this
way one avoids (at least to a large extent) the so-called “attrition
problem” of the naive version of simple sampling of self-
avoiding walks (eq 3), where due to the excluded volume
constraint the probability that a randomly generated configu-
ration on the lattice does not intersect itself decreases expo-
nentially with N, and hence simple sampling is unsuitable to
sample states for large N. While the Rosenbluth-Rosenbluth
sampling does allow to generate states for very large N, it suffers
from the problem that the range over which the weights wν vary
increases exponentially with N, leading to uncontrollable
errors.49

This problem is rectified by PERM to a large extent,
generating not a single chain step by step but letting a whole
population of chains grow in parallel and using a resampling
technique (“population control”35,36). This means PERM sup-
presses too large fluctuations in the weights by “pruning”

Figure 4. States of a polymer mushroom of length N ) 64, in the
plane of variables of bulk coupling �b ) ε/kBT and surface coupling �s

) εw/kBT. Depending on the strength of these energy parameters,
different states may occur: standard swollen mushrooms are denoted
as “desorbed expanded (DE)”, while for large �b but �s near zero
collapsed mushrooms almost detached from the wall occur (“desorbed
collapsed (DC)”). For large �s but small �b one encounters two-
dimensional swollen configurations (“adsorbed expanded (AE)”); if �b

increases, one encounters two-dimensional collapse toward “adsorbed
collapsed (AC)” states. If �s and �b are both large and of the same
order, “layered states (LS)” occur. The solid lines represent maxima
of fluctuations in the number of bulk or surface contacts, while the
dashed and dotted lines are estimates from weaker anomalies (shoulders)
in these quantities. In the shaded area not all maxima can be identified
clearly. Reproduced with permission from ref 34. Copyright 2008
American Institute of Physics.
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configurations with too low weight; i.e., those states are thrown
out, and on the other hand one enriches the population with
copies of high-weight configurations. These copies are made
while the chain is growing and continue to grow further
independently of each other. This type of algorithm goes under
many names (“go with the winners”35 or “Russian roulette and
splitting”,117“sequential importancesamplingwithresampling”118).

Pruning and enrichment are done by choosing thresholds Wn
<

and Wn
> depending on the estimate of the partition sums of chains

containing n monomers. If the weight Wn of a chain with n
monomers is less than Wn

<, the chain is discarded with
probability 1/2, while when one keeps it, its weight is doubled.
On the other hand, if Wn exceeds Wn

>, one produces k identical
copies of this configuration, replaces their weight Wn by Wn/k,
and uses all these copies as members of the population for the
next step, when one adds a monomer to go from chain length
n to n + 1. Note that this algorithm not only works for athermal
chains, Boltzmann factors (depending on the numbers of nearest-
neighbor contacts, for instance) are readily included in the
recursive calculation of the weights.35,36,43–45 The algorithm is
not only applicable for linear chains but can also be applied to
star polymers37,38 and bottle-brush polymers:43–45 then all side
chains of the bottle brush (or all arms of the star) are grown
simultaneously, by adding one monomer to each side chain one
after the other, before the growth process of the first side chain
continues. We also mention that many variants of this algorithm
exist in the literature, and if it is useful, a bias in the chain
construction is readily included (but must be taken into account
in the computation of the weights Wn, of course). For example,
for the bottle-brush simulations a biased growth of the chains
preferentially in the direction normally outward away from the
(rigid) linear backbone was used.43–45

Application of PERM To Study Unconventional Phase
Transitions. Our first example deals with a flexible polymer
in d ) 2 dimensions that is grafted with one end in the middle
of a strip of length 2L and width H (Figure 5). The questions
that are asked are the following: for which range of N is the
chain imprisoned? And when it escapes, how many monomers
N/ remain in the “stem” (Figure 5)?

Clearly, this problem is a kind of academic “toy problem”,
but given the possibilities to manipulate biopolymers such as
DNA in artificial nanostructures such as arrays of cylindrical
tubes, etc.,119 it probably is an indispensable first step toward
more practically useful theoretical exercises.

Let us first sketch the description of the problem in terms of
the standard blob picture.120 We have a “cigar” of nb blobs of
diameter H ) 2rb in the imprisoned case and inside a blob
self-avoiding walk statistics holds. So if g monomers belong
to a blob, we have H ) ag3/4, where a is a constant, since ν )
3/4 in d ) 2 dimensions. Since every monomer of a chain in
an imprisoned state must be in a blob, N ) nbg ) nb(H/a)4/3,
and the end-to-end distance of the cigar then is R ) nbH )
Na(H/a)-1/3. The free energy excess of the chain in an
imprisoned state (in units of kBT) relative to an unconfined
mushroom is simply the number of blobs, Fimp ) nb ) N(H/
a)-4/3. The maximum length N/ of an imprisoned chain is given
by the condition that R ) L, yielding N/ ) (L/a)(H/a)1/3. Since
the free energy of an unconfined mushroom is taken as zero
reference point, the “crown” does not contribute to the excess
free energy of the escaped chain, which is due to the “stem”
alone, Fesc ) N/(H/a)-4/3 ) L/H.

When we increase N at fixed L and H, the blob picture
predicts to have a kink in the free energy for N ) N/. Now it
is clear that the blob picture is somewhat simplified, and for no
finite N can a singularity in the free energy or its derivatives be
expected. However, a phase transition is possible when we take
both N f ∞ and L f ∞ together such that their ratio L/N
remains as a convenient control parameter.

Testing this simple description by Monte Carlo simulations
using PERM, the power of the algorithm is clearly obvious since
free energy differences are readily accessible (Figure 6). One
indeed finds results for the free energy branches that are
compatible with the blob picture, namely Fimp(N, L, H) ≈
1.944NH-4/3 and Fesc ) 2.03L/H (describing the horizontal
branches in Figure 6). However, the value of the simulation is
not only that it can yield prefactors (of order unity, such as the
numbers 1.944, 2.03) that are lost in the blob picture; the
simulation also gives evidence for more subtle phenomena, that
the blob picture fails to describe. According to the blob picture,
one would predict that the number of imprisoned monomers
Nimp, relative to their total number, increase linearly with L/N
until the fully imprisoned state (Nimp/N ) 1) is reached. A more

Figure 5. Sketch of a flexible polymer with N monomers grafted in
the middle of a strip of length 2L and width H, in a blob picture: (a)
When the chain is “imprisoned” inside the strip, it forms a sequence
of nB blobs. (b) When the chain length N exceeds the maximum length
N/ of a chain in an imprisoned state, the chain partially escapes from
the strip and forms an “escaped” state, consisting of a “stem” containing
N/ monomers and a “crown” containing N - N/ monomers. Reproduced
with permission from ref 42. Copyright 2007 American Institute of
Physics.

Figure 6. Free energy relative to the free energy of a free chain,
F(N, L, H) )-ln[Z(N, L, H)/Z0(N)], plotted against N3/4/H for L ) 6400
and H ) 17, 33, 65, and 129, for a self-avoiding walk model on the
square lattice (lengths are measured in units of the lattice spacing.)
The dashed curve is Fimp(N, L, H) ) 1.944NH-4/3 and gives the best fit
to the data. A normalization kBT ) 1 is used here. Reproduced with
permission from ref 42. Copyright 2007 American Institute of Physics.

Macromolecules, Vol. 41, No. 13, 2008 Lattice Models for Polymer Systems 4543



detailed theory42implies, however, that the maximum number
of imprisoned monomers in escaped states deviates distinctly
from N; we have Nimp

max ) N(1 - ∆m) with ∆m ) 0.055. The
simulations confirm this first-order character of the 2d escape
transition in the considered limit (Figure 7).

As a second example of applications of PERM, we mention
the problem of binary (AB) bottle-brush polymers. Such
polymers are of potential interest as building blocks for various
applications, and hence have been studied in various experiments
(e.g., refs 121 and 122). It has been suggested that unfavorable
interactions between unlike monomers may lead to a “Janus-
cylinder” type phase separation in these molecules:123,124 the
molecule has an overall cylindrical shape, but there occurs a
planar AB interface containing the cylinder axis, such that the
A monomers are preferentially on the one side of the interface
and the B monomers on the other side.

This hypothesis was tested by a lattice model,43,44 the
backbone (cylinder axis) of the bottle brush being oriented along
the z-axis of the simple cubic lattice, and alternatingly A and B
side chains are grafted, with side chain length N and grafting
density σ. Taking into account the fact that binary interactions
εAB, εAA, and εBB occur between the different pairs of monomers,
the partition function is (assuming εAA ) εBB for simplicity)

Z)∑ qmAA+mBBqAB
mAB, q) exp(-εAA/kBT),

qAB ) exp(-εAB/kBT) (16)

where the sum is extended over all bottle brush configurations
which are compatible with the excluded volume constraints, and
mAA, mBB, and mAB denote the numbers of nonbonded occupied
nearest-neighbor monomers pairs AA, BB, and AB, respectively.
Noting that for single chains the Theta-point in this model exists
and occurs for35 qΘ ) 1.3087, the choice q ) 1.5 was made to
realize a bottle-brush polymer in the poor solvent regime.

Contrary to the theoretical predictions,123,124 no long-range order
of this Janus cylinder phase separation type was detected for
this model. Defining a correlation function which measures the
Janus cylinder-type short-range order along the cylinder axis, a
corresponding correlation length � could be extracted.43–45

However, it was found that this correlation length increases only
rather slowly with increasing incompatibility εAB - (εAA +
εBB)/2 while it increases roughly linear with the side chain length
N (Figure 8). This failure to see any onset of long-range order
(where � would diverge) is expected on general grounds, of
course, since for finite side chain length N the bottle brush is a
quasi-one-dimensional system, and general theorems forbid

long-range order in one-dimensional systems with short-range
forces.125

While for this model PERM is useful since a range of values
for the side chain length N results from a single simulation, for
small qAB (and/or small q) the accuracy of the method deteriorates
due to still too large fluctuations in the magnitudes of the weights.
Also in this case the free energy was not the primary aim of the
study, and thus PERM was not much superior to a standard type
of Monte Carlo simulation (as done in ref 124). Nevertheless, rather
definitive new results on the lack of Janus cylinder type phase
separation were obtained, paying appropriate attention to the
adequate analysis of the simulation data.

Figure 7. Relative reduction in the number of imprisoned monomers,
∆m, plotted against H/L for three choices of H. The dotted straight
line is a fit to the data, as indicated in the figure. The open circle gives
the theoretical prediction, ∆m ) 1 - 3/25/3 ≈ 0.055. Reproduced with
permission from ref 42. Copyright 2007 American Institute of Physics.

Figure 8. Plot of the inverse correlation length 1/� that measures Janus
cylinder-type concentration correlations vs the inverse Flory-Huggins
parameter zc/�AB, for good solvent conditions (q ) 1, case a), Theta-
solvent conditions (q ) 1.3087, case b), and poor solvent conditions
(q ) 1.5, case c). Data for three side chain lengths N ) 6, 12, and 18
and three backbone lengths LB ) 32, 48, and 64 are included as well.
All data refer to the choice of one grafted polymer per grafting site.
Reproduced with permission from ref 45. Copyright 2007 Wiley-VCH.
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Speeding Up Dynamic Monte Carlo Algorithms by
Special Moves: The Case of Polymer Melts

The Problem and Its Solution. Many problems of interest
in polymer science concern dense melts where many long chains
are randomly entangled with each other: phase separation in
polymer blends,126 mesophase ordering in block copolmyer
melts,126–128 liquid crystalline ordering in melts of semiflexible
polymers,129–131 etc. As a relatively efficient lattice model to
deal with such problems, the bond fluctuation model was
proposed about 20 years ago.28–30 As far as dynamic Monte
Carlo algorithms are concerned, it is distinguished e.g. from
the simple self-avoiding walk model8,49 in that a single type of
Monte Carlo move suffices in practice to provide good
equilibration, namely the “random hopping” move: a monomer
is chosen at random and a direction in one of the six axes of
the simple cubic lattice is chosen at random, and one attempts
to move the monomer by one lattice unit in the chosen direction.
This move is only carried out when it satisfies excluded volume
and bond length constraints and when it passes the standard
Metropolis47–49,53 acceptance test, eq 8. A further advantage of
this algorithm is that it yields a reasonable description of the
chain dynamics in polymer melts,2,21,22 compatible with the
Rouse model21 for short chains and crossing over to a behavior
compatible with the reptation model2,21 for long chains.30,132

However, if one is interested in static equilibrium properties
only, the slow dynamics of long chains (according to reptation
theory2,21 the chain relaxation time of entangled chains increases
according to a power law τ ∝ N3) hampers efficient equilibration
of the system.31 Thus, it has been a widely used practice to
randomly mix the above reptation move with a move according
to the “slithering snake” (SS) algorithm.31,49 In this algorithm,
one randomly chooses an end monomer of the chain, and the
trial move consists in detaching it and attempting to attach it to
the opposite chain end (again excluded volume and bond length
constraints are respected, and the Metropolis test needs to be
passed47–49,53). While in the random hopping algorithm the
chosen monomer moves only one lattice unit in a single step,
the SS algorithm moves it of the order of the end-to-end
distance, which is of order �N lattice units.

Therefore, the chain diffusion constant is a factor of N larger
than for the random hopping algorithm (where it scales as DN

∝ 1/N for short chains132), and correspondingly the SS algorithm
yields a relaxation time scaling τ ∝ N2.31,132 Thus, by random
mixing in of these SS moves, it has been possible to study the
Ising to mean-field crossover in the critical behavior of phase
separation in symmetric polymer blends,126,133 studying chain
lengths from N ) 16 to N ) 512, and correlation hole effects
in the structure of semidilute polymer solutions could even be
studied for chains as long as N ) 2000.134 We are not aware of
similar progress for block copolymer melt studies126 or Monte
Carlo studies of liquid crystalline order in melts of semiflexible
chains,129–131 however.

Wittmer et al.27 recently succeeded to equilibrate dense melts
of polymer chains described by the bond fluctuation model (melt
behavior is already realized when a fraction φ ) 0.5 of lattice
sites is occupied by corners of the effective monomers, which
take each a whole elementary cube of the simple cubic lattice)
for substantially larger chain lengths, namely up to N ) 8192,
choosing cubic simulation boxes of linear dimension L ) 256
(with periodic boundary conditions), containing 220 ≈ 106

effective monomers. This progress is due to implementation of
two ideas: the first idea is to modify the local moves. Rather
than choosing as a new position of the effective monomer only
one out of the six positions when a nearest-neighbor distance

is chosen (what we henceforth call L06 move), one chooses
out of 26 positions of the cube surrounding the current monomer
position (called L26 move). This move allows the chains to
cross each other and hence no longer provides a realistic
description of chain dynamics, where the fact is important that
chains cannot cross in the course of their random motions,
leading to reptation behavior.2,21 However, being interested in
equilibrium properties, such a chain crossing algorithm is
perfectly legitimate to sample configuration space, since it
satisfies the detailed balance principle, eq 5. If only such local
moves L26 are considered, the dynamics is perfectly consistent
with the Rouse model, one finds τ ≈ 530N2 (Figure 9) while
the L06 algorithm shows the Rouse model to reptation cross-
over.30,135 Including also SS moves reduces the relaxation time
further by about 1 order of magnitude, τ ≈ 40N2 (Figure 9). As

Figure 9. Diffusion time τe over the (root mean squared) chain end-
to-end distance Rc on a log-log plot vs chain length, comparing
different algorithms of the bond fluctuation model at a volume fraction
φ ) 0.5. Asteriks denote the L06 algorithm that conserves the topology
of the chains during their motions, diamonds the L26 algorithm that
allows chain intersections, while squares refer to an algorithm where
L26 and SS moves are mixed. If one allows in addition double-bridging
moves (DB), the power law exponent changes from the Rouse value
(2) to an empirical value 1.62. Straight lines show corresponding power
law fits, as indicated. Reproduced with permission from ref 27.
Copyright 2007 American Institute of Physics.

Figure 10. Bond-bond correlation function P(s)/cp, where cp is a
constant allowing the comparison of different models,27 on a log-log
plot vs the curvilinear distance s. Various chain lengths are included,
as indicated, and data for a bead-spring model (BSM) in the continuum
with N ) 1024 are included as well. The thick line shows the power
law 1/sω with slope ω ) 3/2. This power law is found to hold in the
regime 1 , s , N. The dash-dotted curve P(s) ∝ exp(-s/1.5) shows
that the exponential behavior of Gaussian chains is only compatible
with the data for very short chains. The broken curves show a theoretical
prediction that corrects the power law for chain-end effects. Reproduced
with permission from ref 27. Copyright 2007 American Institute of
Physics.
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a note of warning, we mention that using SS moves only in a
dense melt is inefficient, the strong “backjump correlation” leads
to an exponential increase of τ with N,136 and some numerical
evidence for this prediction have indeed been observed.137 It is
also worth mentioning that for the algorithm L26 SS most of
the CPU time is still used by the local moves.

A spectacular further improvement is possible by including
“double-bridging” (DB) moves, which were originally suggested
for equilibrating off-lattice models of polymer melts by Monte
Carlo methods.138–142 This type of connectivity altering move
has the advantage of conserving monodispersity of the melt over
earlier such connectivity-altering algorithms.143,144 In the double-
bridging algorithm an inner monomer of a chain attacks an inner
monomer of another chain (or the same chain) and tries to form
a trimer bridge. Simultaneously another bridge is formed
between two monomers which are four steps apart from the
first two monomers along the two chains, generating two new
chains with exactly the same length as the original one. As for
the SS moves, one uses all 108 bond vectors that the bond
fluctuation model offers for the above-described switch of chain
segments between two different chains (or the same chain). Note
that chain intersections are again occurring here, which does
not matter since we are concerned with equilibrium properties
only. However, it is crucial to make sure that the implementation
satisfies detailed balance, eq 5. This question arises since more
than one swap partner is possible for a selected first monomer.
To avoid this problem, all moves are refused which would be
possible with more than one swap partner (this needs to be
checked both for the move and the reverse move). To avoid
immediate reverse moves, the frequency at which these DB
moves are thrown in needs to be fairly low. But as Figure 9
shows, for N ) 1024 the relaxation is faster by about 4 orders
of magnitude in comparison with the L06 algorithm and about
2 orders of magnitude in comparison with the L26, SS algorithm;
for N ) 8192 this speed-up has further increased due to the
smaller value of the exponent of N in the relation for the
relaxation time.

Application: A Study of Intramolecular Long-Range
Correlations in Melts. Here we return to the problem men-
tioned already in the Introduction, the announced deviations
from the Flory ideality hypothesis1,2,18–20 in dense melts of long
chains. If it were true that intrachain interactions were perfectly
canceled by interchain interactions so that the chain configura-
tions strictly correspond to those of ideal random walks
following the Gaussian chain statistics, one would conclude that
any correlation function that one can consider will decay
exponentially with distance s along the chain. Figure 10 shows
that this expectation completely fails for the bond-bond
correlation function of the chain27

P(s)) 〈lbn+s·lbn 〉 /〈lbn
2 〉 , lbi ≡ rbi+1 - rbi (17)

where the averages 〈 · · · 〉 include an average over all possible
pairs of bonds along the chain (rbi is the site of the ith monomer)
and over all chains.

Unfortunately, the bond-bond correlation defined in eq 17
cannot be measured via standard scattering experiments. For
the standard intramolecular pair distribution function, which is
experimentally accessible when one studies the small-angle
scattering from melts via neutron scattering, when the melt
contains a small fraction of deuterated chains while the majority
of chains is protonated,22 the long-range correlations lead only
to a correction to the well-known Debye function22 that should
be visible when one performs a “Kratky plot”.22 That is,
according to the Gaussian chain statistics, the structure factor

S(q) in the regime 1/〈Rg
2〉 , q2 , 1/〈l2〉 should be described

by the relation S(q) ) S0(q) ) 12/(b2q2), where b is the size of
an “effective segment”. So, a plot of q2S(q) vs q in this regime
should be constant (“Kratky plot”22). Because of the long-range
correlations, one rather predicts a different behavior:26

S(q)) S0(q)(1- 3
8

q

b2F) (18)

F being the monomer density in the system. However, since also
nonuniversal corrections (due to chain stiffness, for instance) come
in as well, when the condition q2 , 1/〈l2〉 is not strictly fulfilled,
the clear experimental verification of eq 18 as yet is still lacking.
We maintain, however, that the discovery of long-range
correlations in polymer melts is an important facet in our
theoretical understanding of polymers and possibly has far-
reaching consequences. For example, a standard mean-field
treatment of collective phenomena in two- or multicomponent
dense polymer melts is the well-known “random phase ap-
proximation” (RPA),2 where the collective structure factor of
the system is expressed in terms of single-chain structure factors
of the components contained in the melt. Since the RPA
describes the single chain structure factor by the Debye function,
which is not as accurate a description as has been assumed in
the past, it is clear that the results discussed above also raise important
questions on the accuracy of the RPA, even for the case of very long
polymer chains. Also, many descriptions based on the simple “blob
picture”,2 which asserts that excluded volume effects are only important
inside of a blob while on larger scales the statistics of a chain in a
semidilute or dense polymer solution is strictly Gaussian, may require
reconsideration.

Formation of Micelles in Homopolymer-Copolymer
Mixtures

When one deals with systems containing several types of
monomers (A, B), such as polymer blends, block copolymers,
etc., additional “unphysical” moves are a great advantage to
equilibrate the system. For example, for symmetrical polymer
blends an algorithm was devised31,126,145,146 where A-B
interchanges of whole polymer chains (not at all changing their
configuration) were implemented. For an experimentalist, such
an “identity switch” of a chain may sound like alchemy; for a
theorist, this move simply implements a different ensemble of
statistical mechanics, namely the “semi-grand canonical en-
semble” of the mixture, where the chemical potential difference
∆µ rather than the composition of the mixture is the indepen-
dently given control parameter. Although this control parameter
normally is not available in the laboratory, statistical mechanics
tells us that the different ensembles of statistical mechanics are
fully equivalent to each other in the thermodynamic limit.
Combining the simulation in the (∆µVT) ensemble (V is the
volume of the simulation box), then with a finite size scaling
analysis145,146 which provides an extrapolation to the thermo-
dynamic limit, V f ∞, valid results which are also significant
for the interpretation of experiments were obtained.126,133 A
drawback of this approach, namely the requirement of a strict
symmetry with respect to the chain lengths, NA ) NB, was later
alleviated by an algorithm that only requires NA ) kNB, with k
) 2, 3, 4, ..., where an A chain is cut into k equally long pieces
which turn into B, or vice versa (k B chains need to be connected
and turned into A).147,148

We describe here in detail only the simplest case, namely a
symmetrical polymer blend. In the grand canonical ensemble
the independent control parameters would be the chemical
potentials µA and µB of A monomers and B monomers. For
chain lengths NA ) NB ) N the partition function ZG then is
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ZG )∑
conf

exp{ µAnAN+ µBnBN

kBT } exp{- E(conf)
kBT } (19)

where nA (nB) are the numbers of A (B) chains in the considered
configuration, and the energy E(conf) contains all the interaction
energies between the different monomers which we assume to
be pairwise. In the semi-grand canonical ensemble n ) nA +
nB is fixed, and then it is useful to introduce as an order
parameter the relative difference m in the number of chains, m
) (nA - nB)/(nA + nB). Introducing ∆µ ) µA - µB the first
exponential in eq 20 can be rewritten as

exp{ µAnAN+ µBnBN

kBT } ) exp{ nN(µA + µB)

2kBT } exp{ nNm∆µ
2kBT }

(20)

An identity switch Af B or vice versa of a chain at fixed
conformation is then controlled by the following transition
probability

W(cf c ′ ) )min{ 1, exp[Nn∆µ(m ′ -m)
2kBT ] ×

exp[- E(c ’ )-E(c)
2kBT ]} (21)

Of course, the identity switch will change the order parameter
m to m′ and the chemical potential difference ∆µ controls the
correspondig part of the acceptance rate of the move. The other
part is determined by the energy change ∆E ) E(c′) - E(c)
caused by the change in the numbers of AA, AB, and BB pairs.
Near the critical point of a binary polymer blend the typcial
energy change |∆E/kBT| is of order unity, and thus eq 21 leads
to reasonably large acceptance probabilities.

A variation on the theme was recently implemented for mixtures
of homopolymers of type B (chain length NB ) N) and (asym-
metric) block copolymers of the same chain length N and
composition f {length of the A block being NA ) fN, length of the
B block NB ) (1 - f)N},46 with f ) 1/8. The range of chain lengths
was from N ) 48 to N ) 128 only; thus, it was sufficient to mix
the L06 and SS algorithms to relax the chain configurations, and
a cubic simulation box with a linear dimension of L ) 96 lattice
spacings was used. The “most symmetric” nontrivial choice of
interactions was taken, εAB )-εAA )-εBB ) ε, of a square-well
form extended over the nearest 54 lattice sites as in the polymer
blend studies.146–148 This study then also applies a semi-grand
canonical ensemble, but ∆µ now is the chemical potential
difference not between A and B, but between a block copolymer
of the chosen composition and a homopolymer. So the total
number of chains in the system, N ) NAfB1-f + NB, is held fixed,
but the fraction of copolymers is allowed to fluctuate. In this
way, it has been possible to study micellization for rather large
chain lengths and aggregate sizes (containing up to 104

monomers) in full thermal equilibrium, i.e., without constraining
the number of block copolymers forming a micelle. This would
not have been feasible working in the canonical ensemble, where
micelles have extremely large relaxation times and are notori-
ously hard to equilibrate.

Being interested in a test of theoretical descriptions based on
the self-consistent-field (SCF) theory,127,128 we work at rather large
incompatibility between A and B, namely choosing εN ) 19.2.

Typical results for the number size distribution P(nAB) of the
number of chains inside a micelle, at a state slightly above the
critical micelle concentration, are shown in Figure 11. Since
the self-consistent-field theory predicts that the number nAB of
block copolymers in a micelle at fixed �N (� being the
Flory-Huggins parameter1) should scale like nAB ∝ �N, and a
fixed value of εN should correspond to a fixed value of �N, we

plot P(nAB) as a function of nAB�N due to the expectation from
SCF theory to see date collapse. While the size of the micelles
is found to be Gaussianly distributed around the mean value
〈nAB〉 , as SCF theory also predicts, one does not observe the
expected scaling behavior: instead of a data collapse, one only
observes a very gradual approach to the asymptotic behavior.
In the region studied, the growth of the micelle size with chain
length is stronger than predicted by the SCF theory. When one
tries an extrapolation of the scaled position 〈nAB〉/N1/2 and scaled
width σ2/N1/2 of the distribution versus N-1/2, the latter seems
compatible with the expectation that SCF theory becomes correct
in the limit N f ∞, while with respect to 〈nAB〉/N1/2 no such
conclusion can be drawn.

When one studies geometrical properties of the micelles,
similar (though somewhat less pronounced) deviations from
scaling are encountered, and the approach toward the SCF limit
is always rather slow. Cavallo et al.46 mention several reasons
for this problem with SCF theory: (i) For all values of N the
chain length of the A block, NA ) fN ) N/8, is fairly short, so
excluded volume effects are not yet fully screened out and give
rise to systematic deviations. (ii) In the mapping between the
energy scale ε of the simulated model and the Flory-Huggins
parameter � also a correction of order 1�N is needed. (iii) The
size of the AB interface is broadened compared to the SCF
prediction. These deviations stem from shape fluctuations of
the micelle, which are ignored within the mean-field approxima-
tion that underlies SCF theory.

Even though all these reasons why deviations from SCF
theory should be expected are perfectly reasonable, we empha-
size that in practical applications the limit N f ∞ for micelle
formation is hardly relevant; considering that one effective
monomer of the bond fluctuation model may correspond to
several chemical monomers, we note that the range of N studied
in Figure 8 coincides with the range of experimental interest.

Figure 11. Upper panel: the micelle number size distribution P(nAB)
as a function of the scaled aggregation number nAB/�N. The symbols
show the simulation data, the thick lines a fit with a Gaussian function.
For the largest chain length, N ) 128, the SCF results for �N ) 100
(which should correspond to the chosen value of εN) and δµcoex ) 6.0
are also shown as dashed line. The normalization of the SCF result
was chosen such that the weight of the right peak (micelles) equals the
result of the Monte Carlo simulations. Lower panels: the scaled average
aggregation number 〈nAB〉/�N and the scaled standard deviation σ2/
�N are plotted vs 1/�N. The latter data (full dots) are obtained from
the Gaussian fits in the upper panel. Open circles at the ordinate axis
are the SCF predictions for �N ) 100. Reproduced with permission
from ref 46. Copyright 2006 American Chemical Society.
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Thus, quantitative fits of experimental data to SCF theory need
to be taken with great precautions.

Discussion and Outlook

In this paper we have not attempted to give a comprehensive
review of all the important current trends in the Monte Carlo
simulation of polymers, but rather gave a selection of problems
dealing with lattice models of polymers, where due to advances
in simulation methodology (such as the Wang-Landau and
PERM algorithms and the combination of chain-intersecting
moves and double-bridging moves in the bond fluctuation
model) significant progress with rather basic problems of
theoretical polymer physics could be achieved. Of course, this
selection of problems and techniques is strongly biased by the
interests of the authors and their expertise; this has been the
main reason for the focus on work from their own research
group. In fact, very interesting applications of the Wang-Landau
and PERM algorithms (as well as their extensions such as
FLATPERM69 and related advanced techniques such as mul-
ticanonical sampling149,150) exist for closely related prob-
lems151–153 also including the well-known HP-lattice model for
protein folding.154–156 We do expect that much important work
will be forthcoming along such lines.

A completely different but certainly no less important direction
concerns the application of advanced off-lattice Monte Carlo
methods to study problems such as the structure of interfaces
between a crystalline substrate and amorphous regions of polymers
(applying algorithms involving double-bridging and other sophis-
ticated nonlocal moves for chemically realistic atomistic models157),
development of coarse-grained models for the description of the
equation of state of polymer solutions,158 and the development of
coarse-graining strategies for dense polymer melts.159 A very
interesting approach, applicable for semidilute polymer solutions160

and polymer brushes161 involves a coarse-graining where a (soft)
particle does not correspond just only to a small number of
successive monomers along a chain, but represents a whole “blob”.
Such models are intermediate between the standard models for
polymers, as treated here, and very crude models where a whole
polymer coil is represented by one soft particle.162 Such models
have been suggested for the description of polymer blends,162 but
also the Asakura-Oosawa model of colloid-polymer mix-
tures163,164 is an extreme variant of this class of models
(polymers are described as spheres whose mutual overlap does
not cost any energy; only their overlap with the colloidal
particles is forbidden).

In conclusion, we can say that the field of Monte Carlo
simulation of polymers is rapidly progressing and has matured
to a stage where it can make both a large impact to problems
in basic theoretical polymer physics (as described here) and
materials science-type problems, involving polymers (not
described here). A large body of know-how about simulation
techniques has been accumulated in the literature.165,166 While
we clearly could not give details about these techniques in our
paper, we hope it will serve as a useful guide to the literature.
Last but not least, it should help the practitioner to think about
the difficult question “when should which algorithm be ap-
plied?”, since it is often decisive for making progress to adapt
the model and the algorithm with which it is simulated to the
problem at hand.
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